A method for solving the single-particle SchrOdinger equation with an oblate spheroidal potential of finite depth is presented. The wave functions are then used to calculate the matrix element T.
A model for orientation effects in electron-transfer reactions
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I. INTRODUCTION
The mutual orientation of the donor and acceptor in an electron transfer reaction may have observable effects on the electron transfer rate in certain systems. For example, the primary photoinduced electron transfer in photosynthetic reaction centers may be influenced by the orientation of the reactants. In plant photosystem II the electron acceptor is probably a pheophytin 1, 2 and the donor may be a substituted chlorophyll a monomer. 2, 3 Both of these molecules are large and nonspherical suggesting that there may be one or more preferred orientations for electron transfer. Another biologically important electron transfer, that between hemes in cytochromes, may also depend on the mutual orientation of the porphyrin rings of the hemes. 4 Orientation effects are beginning to be examined experimentally in model systems. For example, electron transfer between cofacial porphyrins has been studied and was observed to be rapid. 5 ,6 Systems involving porphyrins held in other orientations are under study.7 In these systems the electron transfer is between sites that are chemically linked. When the pi-type orbitals at the donor and acceptor sites are largely electronically independent, the electron transfers may be treated using the usual outer-sphere formalism. It is with systems such as these in mind that we have set out to develop a model theoretical system within which to examine the nature and magnitude of orientation effects on electrontransfer rates.
The rate constant for nonadiabatic electron transfer between reactants A and B at fixed separation and orientation has been examined within the Golden Rule formalism e.g.,8-1O '
The Franck-Condon sum (here denoted FC) has been discussed in detail elsewhere, for example. 10--12 In this paper we consider the dependence, within the theoretical model described below, of the electronic matrix element TBA on the mutual orientation and separation distance of A and B.
The matrix element TBA depends on the electronic wave functions localized on sites A and B. An isolated electronic site A or B (at infinite separation say) is modeled in this paper as an oblate spheroid, and the potential for the electron is set equal to a negative constant inside the well and zero outside. It may be recalled that an oblate spheroid can be obtained by rotating an ellipse about its minor axis.
The volume of the spheroidal potential well is supposed to enclose the carbon skeleton of an aromatic system. The circle of revolution generated by the major axis when the spheroid is rotated about its minor axis is imagined to lie in the plane of the carbon skeleton. Other models have similarly exploited the delocalized character of the pi electrons in aromatic systems. In the free electron molecular orbital model, 13 e.g., the electron is free to move in one dimension on a ring or intersecting rings, but has zero probability density off of the ring. In another model introduced by Schmidt 14 and developed by Platt 15 to calculate electron densities and electronic spectra of aromatics, the electron is free to move in a plane in a region bounded by infinite potential walls. In contrast, in the present paper the electronic wave function is three dimensional and is not confined to a well, because the potential used is finite. The wave functions therefore have long range tails which are important in describing electron transfer.
The present model yields a predominately exponential dependence of the rate on separation distance, a dependence used or found in various experimental studies. 16 The molecular basis of this model may actually be an exchange mechanism involving orbitals of adjacent molecules or atoms. 17
There have been previous discussions of orientation effects in the context of the tunneling of trapped electrons in glassy matrices. Rice et al. 18 considered orientation effects in a qualitative way, and concluded that orientation dependence in the electron tunneling rate would be equivalent to a reduced concentration of electron acceptors, and thereby reduce the tunneling relative to an analogous system with no orientation dependence, Brocklehurst 19 examined the orientation dependence of the overlap of electronic wave functions for spherically symmetric sites. He considered both hydrogenic and spherical-well potentials. The electronic matrix element was assumed by Brocklehurst to be proportional to the overlap of the wave functions, an approximation ~hich we consider using states of spherical wells in AppendiX B. He concluded that the orientation effect on the electron-transfer rate constant can be as large as 10 3 • Dok-torov et al. 20 considered an angular factor, cos n e, in the unimolecular rate constant for electron tunneling between spherical sites. For n<4, the effect of this angular dependence was to reduce the overall rate constant. The present paper considers sites that are asymmetric and therefore geometrically orientable and which presumably better represent the aromatic systems toward which this study is aimed. Spectral properties of porphyrin compounds have been examined by numerous workers using semiempirical electronic structure methods. 21 Ab initio techniques have also been used to examine porphyrin electronic structure. 22 ,23 Calculations on diporphyrin systems and their low-lying charge transfer states have been recently reported. 24 Electronic structure techniques have been used to study orientation and distance effects for a model transition metal redox pair 25 as well as for face-to-face porphyrins at small separation distances using both semiempirical and ab initio methods. 26 ,27 For porphyrin electron transfers ab initio calculations of the electronic matrix element are extremely lengthy.
Moreover, ab initio techniques which employ Gaussian basis functions are better suited to describe wave functions inside molecules than to depict the long-range tails of the wave functions. While our model is significantly less detailed than that on which these wave functions are based, the present aim is to include the general features of the problem. In fact, it is the simplicity of the model which facilitates the calculations presented here. The paper is organized as follows. In Sec. II the model for the potential and the wave functions used are briefly described, the calculation of the electron transfer matrix element is outlined, and results from calculations of the matrix element are presented. In Sec. III a more detailed description of the calculation of the single-site wave functions is given. The results for the electron transfer matrix element calculations are discussed in Sec. IV. Concluding remarks are given in Sec. V. The relation between the Golden Rule rate expression and the matrix element is given in Appendix A. Expressions for the matrix element for states of spherical wells are derived in Appendix B. Applications to molecules of experimental interest will be presented in a subsequent article.
II. WAVE FUNCTIONS AND RESULTS

A. The model
The model involves the interaction of two sites, labeled A and B (e.g., molecules or electronically isolated chromophores). The single-site wave functions are taken to be oneelectron wave functions, i.e., only the transferable electron is considered explicitly. The potential in which the electron moves is modeled as an oblate spheroidal well. A cross section of the potential is sketched in Fig. 1 . The potential is independent of qJ, the angle of rotation about the z axis. The cross section is an ellipse having semimajor axis a, semiminor axis b, and eccentricity e=~1 -b 2/a 2 . The potential V is zero outside the well and has a constant negative value inside. Actually, there will also be a Coulombic term when the molecule is charged,28 but it is assumed, for the present, that in a medium with some polarity this contribution is small relative to the values of Vo used below. It is convenient to use oblate spheroidal coordinates (S,1J,qJ) , defined by
whereO<S, -1 <1J< 1, 0<qJ<21T. The scale factord has been chosen so that the surface of the potential well is described by the single radial-like coordinate S.
Contours of the coordinate system are presented in Fig. 2 
<1> m (rp ) may be written as a linear combination of sin mrp and cos mrp and the number of nodes in <1> m (rp) is equal to 2m. The index n has been chosen to have the possible values
The quantum numbers t and u in Eq. (6) will be described as follows: t is the number of nodal lines in the two dimensional 51] subspace and u orders states of equal t by energy(u = 1,2, ... ). At fixed Vo,a,andb,awavefunctioncan usually be specified using m, t, and u. (Near an avoided crossing the nodal lines become increasingly complicated, however. When the nodal structure is not too distinct one could simply use m and a parameter which orders states of the given m by energy. also given some results for states with zero nodes. We will refer to them as (0,0') states, since m is zero and, like 0' states, they are even with respect to reflection in the xy plane of the potential.
B. Electron transfer between sites
The system used to model electron transfer between a pair of molecules A and B consists of two wells (site A and site B), each of the type described previously, and one electron (the "transferable" electron). The rate constant for the electron transfer reaction (8) is given by Eq. (1), using the Golden Rule and Condon approximations. That rate constant is for transfer between sites having specific and fixed mutual orientations and fixed relative separation distance. In order to use Eq. (1), nuclear coordinates and an associated set of vibrational states have been assumed to be present in the wells and in the intervening medium (along with solvent orientational states), but will not be dealt with explicitly in this paper. Recent reviews on this aspect of the electron transfer problem are given in Ref.
30.
The zeroth-order problem is that in which the two wells do not interact (e.g., the infinite-separation limit). The following two zeroth-order states are considered:
(1) The electronic state at site A, uninfluenced by site B: The wave function for this state, denoted by IJI ~cu' is given by Eq. (6) (2) The electronic state at site B, uninfluenced by site A, which has as its wave function 1JI!,c'u" given by Eq. (6), but centered now on site B, and having Vo = V~.
The electronic matrix element T BA , described in Appendix A for the present model, is
where
The integrals in Eq, (lOa) are over well B, and that in Eq. (1Ob) is over all space,
C. Results of calculations of the electron transfer matrix element
Calculations of the electron transfer matrix element were performed with various eigenstates of each of the two separated wells with specific fixed mutual orientations. The states and orientations chosen illustrate some general effects of the shape of the potential well and orientation on the matrix element.
Mutual orientations of the two wells are defined using as are the y axes. e = O· corresponds to the wells being displaced along the z axis, and so being in a "face-to-face" configuration. e = 90· corresponds to displacement along the x axis, i.e., in an "end-to-end" arrangement. The values of a and b used (apart from those in Fig. 6 ) were chosen as follows: a was an estimate of the in-plane radius of porphine, and is the same a as that used by Platt 15 to treat porphine as a 2a X 2a square using the Schmidt box model. The value of b was chosen so that the average thickness of the well ( = 4b /3) corresponded to the interplane '" 10 15 TBA and BBA are compared for the wells at contact for various states and various angles e in Table I 
III. QUANTIZATION AND SINGLE-SITE WAVE FUNCTIONS
The method used to obtain the wave functions of Sec. II is described next.
A. Expansion for the separated wave functions
The functions sought are solutions to Eq. (5), valid both inside and outside the spheroidal well. Neglecting the boundary conditions at 5 = 50 the wave function inside the well can be separated as in Eq. (7a), yielding (,f>:"
for the separated equations.
Any choice of k f (i.e., of energy for fixed Vol yields a sequence of discrete eigenvalues A. ~n' The sUbscript m describes the eigenvalue in Eq. (12). The subscript n orders the eigenvalues A. ~n and was defined in Sec. II. The tfJ7::n are odd or even with respect to reflection in the xy plane as n -m is odd or even.
Equations (12) 'nn (1J;k~) were evaluated through their expansions in the associated Legendre functions P;: '( 1J) . The radial and angular functions Rml! and Smn in Eq. (7), their expansion coefficients, and the eigenvalues AmI! are discussed by Flammer,33 who presents tables of both. Hodge 34 has given an algorithm for obtaining them which was easily programmed and was used for the calculations in the present paper.35 The radial and angular functions were converged to at least four significant figures in all cases. 36 Vo--+oo In this case the sum for lJI in Eq. (6) reduces to a single term and the allowed energy levels are those for which k ~ yields R ~n(So;kf) = 0, (15) since the wave function must vanish for 5>50' In the spherical limit (b-a) the energy eigenvalues given in Fig. 6(a) , are simply those for which bk i is a zero of the nth-order spherical Bessel function. An oblate spheroidal square well has been used as a model for the potential in which a nucleon moves in the nucleus. 37 In this context the energy levels have been calculated previously in the limit Vo = 00. 38
B. Quantization In the limit
C. Quanitzation for finite Vo
The wave functions in this case must be written as a sum of inner or outer functions because both the angular and radial parts of the wave functions depend on the energy. Quantization is accomplished by requiring that the wave function and its normal derivative be continuous at 5 = 50' 
S-SD+
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andp and q are again given by Eq. (19b) . Equations (18) and (20) yield (22) Thus, Co is an eigenvector of the matrix M-1M' having a unit eigenvalue. An energy eigenvalue and eigenvector Co is found by iterating the energy in Eq. (22) to obtain an eigenvector with unit eigenvalue. The inner expansion coefficients C' are then obtained using Eq. (18) 
IV. DISCUSSION
In this section the dependence of HBA on distance and the factors affecting the orientation dependence of H BA are discussed.
Figures 9 and 12 give plots of In IH BA I or In(H BA )av vs distance and it is seen that HBA decreases, as expected, predominantly exponentially with distance for all the states considered. In Appendix B analytical expressions for HBA as a function of distance are derived for certain states of spherical wells. (24) a (aR) (aR) and
The constant C is defined by comparing with Eqs. (B 11) and (BI2) and using Eq. (B3).
In both orientations it is seen that In IH BA I depends predominantly linearly on distance. The exponential dependence arises from the overlap of the radial part of I[! A, a modified spherical Bessel function, with I[! B. Since the outer spheroidal wave functions are composed of sums of modified spherical Bessel functions a similar distance dependence of H BA is expected and is found. In general, the functional form of the preexponential part of the distance dependence of HBA is dependent on the potential functions at the two centers. For one-dimensional square wells H BA is proportional to an exponential function of R. 40 For transfer of an electron between two protons H BA is a polynomial in powers of R multiplied by an exponential. 41 The dominant part of H BA in all these cases is a decaying exponential but the potential shape and nodal structure of the wave functions cause slowly varying deviations from purely exponential behavior.
In analyzing the orientation effects exhibited in Figs. 9 to 12, there are two principal factors to be considered, the well shape and the nodal structure. They are discussed below, initially for fixed center-to-center and then for fixed edge-to-edge distance:
(1) In the (0,0") case (Fig. 9) there are no nodal complications, and the shape of the spheroidal well favors a larger IHBA I in the e = 90 0 orientation than in the e = 0 0 at fixed center-to-center distance.
( Table II.] Result (1) is due to the smaller edge-to-edge distance occurring in the e = 90 0 configuration at a fixed center-tocenter distance, and illustrates one geometrical shape effect. We have also observed result (2) for HBA for spherical-well potentials. 42 To understand these results we consider the form of HBA in the spherical case (cf. Appendix B). In essence, with increasing m the wave functions tend increasingly rapidly to zero along their z axes, and so the face-to-face configuration becomes decreasingly favored. We have
where the subscripts A and B denote variables appropriate to the functions at site A and B, respectively. l is the total angular momentum quantum number. Spherical states which have similar nodal structures to the (m,1T) spheroidal states considered have l = m + 1, The variables (r A'{) A ,({J A) depend implicitly on (rB '{)B ,({JB)' Since the integration is over well B the predominant angular dependence of H BA on e for the orientations examined in this paper (xy planes of each well parallel) arises from the function P '!'(cos () A) which is of the form:
In the e = 0 0 orientation, the relevant () A approach zero as R -+ 00, for all values of r B' {)B' and ({JB in well B, and so sin the cos () A term occurs, and so the e = 0 0 configuration is favored. Since the spheroidal wave functions are composed of sums of Legendre polynomials P ,!" dominated by a few of them, and because of the correspondence between 1/ and cos (), this explanation is the anticipated one for this orientation dependence in the spheroidal case. Results (1) and (2) are thus at least qualitatively explained. (m,t,u) = (0,1,2) (28); e is the eccentricity of the well at a constant volume of251.25 A? For these calculations, Vo = 10 eV. Because n -m is even, P! "",0 for all odd n. The eccentricity of the wells in
Figs. 3-5 and 9-12 is -0.85.
Although distances in experiments are often quoted as center-to-center distances it is useful, because of the exponential decay of the wave functions, to examine the results at constant edge-to-edge distances. The data presented are sufficient to make comparisons of HBA for fixed edge-to-edge separation. Equal edge-to-edge separations in the two orientations are obtained by comparing H BA for which the centerto-center separation is 4.6 A [= 2(a -b) ] larger in the e = 90· orientation. For the systems examined in this paper, H BA was always larger at e = O· than at e = 90· for m < 4 and was roughly equal for m = 4 at the two e 'so The explanation presumably lies in a geometrical shape effect: In the e = O· configuration the spheroids present a larger cross section and smaller thickness to each other, thereby favoring a higher overlap. However, the difference in IHBA I's decreases with increasing m for the reason discussed above, and still larger m's may reverse the favored e = O· result.
While we have largely considered the orientations e = 90· and e = O· in this article for purposes of illustration, other orientations are also of considerable interest. In fact, as m increases, maxima will occur in H BA at e's other than e = o· [cf. (2, JT) and (4,JT) results in Table I ]. The angles at which these maxima occur are near the maxima in the angular function P 7'(cos B) of the spherical state which has similar nodal structure to the spheroidal state in question [-55· for the (2,JT) states and -63· for the (4,JT) states]. It can be seen in Fig. 6 that B A equals e and BB equals JT -e, where B A and BB are the spherical polar angles in each well, so the maxima of H BA as a function of e are related to maxima in P 7'(cos B A) and P 7'(cos BB)' This analogy with spherical functions is adequate for the reasons stated previously.
We have also examined the angular dependence of the spheroidal wave functions at R = 00. At a large radial distance each of the outer radial functions has the same asymptotic form, independently of m or n: 
v. CONCLUSION
A model electron transfer system involving nonspherical (oblate spheroidal) donor and acceptor sites and a transferable electron has been presented. The wave functions for the isolated donor and acceptor sites and the matrix element for electron transfer have been described and the results of several calculations presented. Thus, a machinery has been developed for the calculation of orientation effects, especially for electron transfer between large aromatic molecules.
The sample calculations illustrate the effects of well shape and nodal structure on the orientation and distance dependence of the electron transfer matrix element. They indicate to a first approximation for the system and states studied, that the geometrical shape effect, for a constant edge-to-edge distance, causes IHBA I to be larger for e = O· (face-to-face configuration) than for e = 90· (end-to-end arrangement). This effect is reduced with increasing m, a result explained by examining the long-range behavior of a pair of spherical wells. This increasing m effect is expected to apply to states similar to the HOMO or LUMO oflarge aromatic molecules.
When the results are presented instead at a given center-to-center separation they are significantly influenced by the greater edge-to-edge distance for the e = O· configuration (face-to-face), so that now IHBA I is largest at e = 90· for most of the states considered.
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APPENDIX A: GOLDEN RULE RATE EXPRESSION AND MATRIX ELEMENTS
The rate expression used to characterize electron transfer in this paper is a Golden Rule rate constant obtained by using a Born-Oppenheimer analysis by Holstein 43 and has been presented in a paper by Kestner et al. 10 Another presentation of the derivation which corrects some typographical errors there is found in Ref. 44 . The pertinent results are particularized below to the present model.
We define
For the type of potential used in this study, the integrals H BA and H AA over all space are reduced to integrals over well B, since VB is zero outside well B. One thus obtains Eq. (9).
APPENDIX B: SPHERICAL WAVE FUNCTIONS AND THEIR ELECTRON TRANSFER MATRIX ELEMENTS
Spherical wave functions
In the spherical limit a-+b, the wave function ofEq. (6) assumes the simpler form given in Eq. (Bl), where I is the total angular momentum quantum number.
tJI ml (r,B,fIY;E) 45 The constants A I and N ml are normalization constants for the radial part of the wave function and for the (m,l) spherical harmonic, respectively:
The rate expression for transfer of an electron from site A to site B when only a single electronic state is assumed on either site may be written in the Golden Rule and Condon approximations as (AI)
In Eq. (A 1) v A denotes one of a set of nuclear wave functions appropriate to the electron being localized at site A, VB denotes a similar set for the electron localized at site B, and QA is the nuclear partition function appropriate to the electron being localized on site A. For the case of nonorthogonal electronic basis states, TBA is equal to The integrals in Eq. (B2) can be evaluated in closed form to yield
Analytical matrix elements for spherical wave functions
It is possible to transform the matrix element H BA' which is defined as a three-dimensional volume integral in Eq. (A3), to a two-dimensional surface integral. A method due to Bardeen 46 is used to effect the transformation. For simplicity, the following discussion is restricted to the special case in which the same wave function is used in each well. That is, both wells have equal radius and depth, and (m,!) is the same for both tJI';,l and tJI!I' For this case, HBA is defined as in Eq. (BS),
In well B, -VotJI BO equals (E -T)tJlB* and hence Eq. (BS) becomes
The SUbscripts ml on tJI ' ;,1 and tJI!1 have been suppressed.
Here T is the kinetic energy operator -IJ2V 2 /2m •. It is assumed in what follows that the centers of the wells lie along the z axis of a right circular cylindrical coordinate system, well B at z = + R 12, and well A at z = -R 12. The region of integration may be extended beyond the boundary of well B since (E -T)tJlB* vanishes outside well B. In particular, the regionz;;;,O, will be used. Also, tJlAE equals TtJl A in any region that does not include well A, so Eq. (B6) yields RBA = -fi2 i (tJlB*V 2 tJ1A -tJl A V 2 tJ1B*)dr. 2me z>o Gauss' theorem applied to Eq. (B7) yields (B7) (BS) Gauss' theorem is applicable to Eq. (B7) because the discontinuity in V 2 tJ1B is merely a step discontinuity on the boundary of well B. The integral in Eq. (BS) is written in right circular cylindrical coordinates (r,ip,z) . The surface of integration is the plane z = 0, located midway between the two wells. Equation (BS) can be further simplified by making use of the symmetry of the wave functions. In particular, tJlA =(_I)I-mtJIB and atJIAlaz=(-I)I-m+latJIB/az at z=O. We have RBA =~l21T (' " (_I) values. However, exact numerical results can be easily obtained for spherical wells and it was considered unnecessary to derive exact analytical ones for the present purposes. Approximate analytic ones will be given elsewhere. Since R BA is the overlap of the two functions in well B multiplied by V~ the quantity plotted would be approximately constant if SBA were proportional to R BA . It is seen that the ratio grows linearly with distance and depends on orientation. Over short variations of distance proportionality may be an adequate approximation but for large variations it clearly breaks down.
On the basis of the spheroidal results in Table I we again expect TBA ZRBA to within 10%, at least for the results in 
